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Polymeric nanopores with fixed charges show ionic selectivity when immersed in aqueous
electrolyte solutions. The understanding of the electrical interaction between these charges and the
mobile ions confined in the inside nanopore solution is the key issue in the design of potential
applications. The authors have theoretically described the effects that spatially inhomogeneous fixed
charge distributions exert on the ionic transport and selectivity properties of the nanopore. A
comprehensive set of one-dimensional distributions including the skin, core, cluster, and asymmetric
cases are analyzed on the basis of the Nernst-Planck equations. Current-voltage curves, nanopore
potentials, and transport numbers are calculated for the above distributions and compared with those
obtained for a homogeneously charged nanopore with the same average fixed charge concentration.
The authors have discussed if an appropriate design of the spatial fixed charge inhomogeneity can
lead to an enhancement of the transport and selectivity with respect to the homogeneous nanopore
case. Finally, they have compared the theoretical predictions with relevant experimental data.
© 2007 American Institute of Physics. DOI: 10.1063/1.2735608
I. INTRODUCTION
Ion channels are natural nanopores with fixed charges
that occur in most biological membranes.1 Polymeric, fixed
charge nanopores of dimensions comparable to the size of
biological macromolecules such as proteins2–4 and DNA
Refs. 5–7 have potential applications in single particle de-
tection, analysis, and separation of biomolecules. When im-
mersed in aqueous electrolyte solutions, the resulting mem-
branes show ionic selectivity, favoring the passage of
counterions ions with charge opposite to that of the pore
but hindering the passage of coions ions with charge of the
same sign as the pore. A clear, fundamental understanding
of the electrical interaction between the nanopore fixed
charges and the mobile ions confined in the nanopore solu-
tion is needed for the design of practical applications.5–11
Since most nanopore fixed charge distributions deviate
to some extent from homogeneity, the question of how inho-
mogeneous distributions affect the transport and selectivity
of the nanopore naturally arises.9–13 This problem has previ-
ously been discussed in the context of macroscopic ion-
exchange membranes14–22 as well as in some biological ion
channels recently,23–26 but it has not still received a system-
atic attention in the case of nanopores except for the case of
conically shaped geometries with asymmetric fixed charge
distributions, which have been analyzed by Karnik et al.,8
Siwy and co-workers,9,12 and Ramírez and co-workers.10,11
However, studying a comprehensive survey of fixed charge
distributions systematically is of great interest both because
of the need of a better understanding of the processes occur-
ring in supposedly homogeneous nanopores and the possibil-
ity of designing and exploiting the inhomogeneity effects in
practical applications.12,26–29 In particular, asymmetric fixed
charge distributions are useful for rectifying junctions26,30,31
and single molecule sensing.32,33 Although the effects of
asymmetry are conveniently explained in terms of the axial
electric potential profile,9,11,13,28 the nanopore charge distri-
bution is the source of the electric field and dictates therefore
the particular transport and selectivity properties in each
case.
We have described theoretically the effects that typical
fixed charge distributions exhibiting spatial variation over
the macroscopic nanopore length exert on the transport and
selectivity properties. To this end, we have disregarded the
nanopore geometrical details assuming that they lead even-
tually to the different effective charge distributions consid-
ered here. This allows analyzing thoroughly a comprehensive
set of one-dimensional distributions that include most cases
of practical interest on the basis of the Nernst-Planck
equations.1,12,17,34,35 For each distribution, we have calcu-
lated the current-voltage I-V curve, the nanopore potentialaElectronic mail: patraho@fis.upv.es
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as a function of the external ion concentrations, and the
counterion transport number a measure of the nanopore
selectivity35. The results have been compared with those
obtained for the case of a homogeneously charged nanopore
with the same average fixed charge concentration. In particu-
lar, we have discussed if the occurrence of spatial inhomo-
geneities in the fixed charge can lead to an enhancement of
the transport and selectivity with respect to the homogeneous
nanopore case36 and contrasted the theoretical predictions
with recent experimental data. Since nanopores with fixed
charges display properties that resemble those found in pro-
tein ion channels such as ionic selectivity and current
rectification,1,24–28,33–35 reference to some asymmetric chan-
nels is also made.
II. THEORETICAL MODEL
Figure 1a shows schematically a polymeric film, con-
taining cylindrical nanopores of thickness d and radius a,
which separates two electrolyte solutions KCl in our case.
Xx is the total fixed charge concentration at a point of
coordinate x within the pore see Fig. 1b, where an inho-
mogeneous fixed charge distribution Xx along the pore is
represented. cix and x are, respectively, the local con-
centration of the species ii=K+,Cl− and the electric poten-
tial in RT /F units, where R, T, and F have their usual
meanings.9 ci,j is the concentration of the species i in the
bulk of the bathing solution j j=L for the left and j=R for
the right bathing solutions and cj,  j, and pH jj=L ,R refer
to the electrolyte concentration, the dimensionless electric
potential and the pH value of the solution j, respectively. The
potential drops L=0−L and R=R−d are, re-
spectively, the Donnan potential differences through the left
and right interfaces, and D=d−0 is the diffusion
potential within the pore. We assume that the bathing solu-
tions are ideal and perfectly stirred, and that the whole sys-
tem is isothermal. Although the present model has been de-
veloped for synthetic nanopores, it can be extended to the
case of synthetic ion exchange membranes and biological ion
channels of mesoscopic size.
Figure 2 illustrates six of the axial profiles Xx studied.
We consider first only negative fixed charge groups in the
case of synthetic track-etched nanopores, the fixed charge
groups are carboxylic moieties generated by a track-etching
process33,37,38. The axial profiles correspond to typical sym-
metric and asymmetric pores and include most of the cases
that could be found in practical situations. The skin and core
distributions may result from usual membrane preparation
procedures see, e.g., Refs. 14–17 and 22 as well as refer-
ences therein and could also find application in the case of
double conical track-etched pores. The cluster distributions
are typical of pores where a hydrophobic structure is super-
imposed to clusterlike hydrophilic regions containing the
charged groups, the water molecules, and the mobile ions
see, e.g., Ref. 14 and references therein. Finally, asymmet-
ric distributions are common place and include conical track-
etched nanopores,12,13,33 ion channels,24–26 and bipolar
junctions.30,31 Interestingly, symmetric or quasisymmetric
synthetic pores and ion channels can also exhibit asymmetri-
cal properties: a pH difference imposed in the external solu-
tions can produce a variable concentration of the dissociated
weak-acid fixed groups through the nanopore.9,26
It has recently been shown that the fixed charges in the
nanopore are largely responsible for the transport and selec-
tivity phenomena observed.2–11 The electrostatic interaction
between these and the mobile charges can approximately be
described with relatively simple continuum models when the
nanopore radius is larger than the screening Debye length
and the typical ion size.10,11,39,40 Some of the models consid-
ered previously are based on the Nernst-Planck and Poisson
equations10,11 that allow to obtain the profiles of electric po-
tential and average concentration of mobile ions along the
pore. However, they are rather cumbersome and we can em-
ploy also other approximated models39,40 that clearly show
the essential qualitative characteristics of the problem. We
will use here one of these approaches which is based on the
the Nernst-Planck flux equations together with the electro-
neutrality assumption. We expect this assumption to be ap-
proximately valid for the charge distributions of Fig. 2 that
show spatial inhomogeneities extending over the macro-
scopic nanopore length typically about 10–100 m for ar-
tificial nanopores17. We recall that the electroneutrality con-
dition is essentially valid for one-dimensional ion transport
problems where the axial coordinate extends over regions
much thicker than the typical Debye length.17,41
The ionic transport through the cylindrical nanopore is
described by the Nernst-Planck equations,
Ji = − Di
dci
dx
− ziDici
d
dx
, i = K+,Cl−, 1
together with the steady state continuity equations,
FIG. 1. Schematic view of the nanopore Fig. 1a and the inside solution
with the mobile positive and negative ions as well as the negative fixed
charge groups Fig. 1b.
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dJi
dx
= 0, i = K+,Cl−, 2
and the electroneutrality equation,

i
zici + X = 0, 3
where  is the sign of the fixed charges. In Eqs. 1–3 Ji,
Di, and zi denote the ionic flux, the diffusion coefficient, and
the charge number of species i, respectively. External and
membrane solution concentrations are connected through the
Donnan equilibrium conditions35 at interfaces x=0 and x=d,
ci0 = ci,L exp− ziL = cL exp− ziL,
i = K+,Cl−, 4a
cid = ci,R expziR = cR expziR, i = K+,Cl−,
4b
where the specific ionic partition coefficients between the
external and the membrane solutions35 are assumed to be
unity. Combining Eqs. 3 and 4, the concentration of the
ionic species at the pore/solution interfaces are
ci0 = − zi
X0
2
+X02 2 + cL2, i = K+,Cl−, 5a
cid = − zi
Xd
2
+Xd2 2 + cR2 , i = K+,Cl−.
5b
The discontinuous Donnan approach is approximately valid
here because the nanopore thickness is much greater than the
Debye length of the problem.42,43 The I-V curve of the nan-
opore can be obtained as follows. For a total electric current,
I = a2
i
ziFJi, 6
integration of Eqs.1–3 with the boundary conditions of
Eq. 5 provides the ionic fluxes Ji and the ionic concentra-
tion and electric potential profiles cix and x. From these
profiles, the voltage V=RTL−R /F applied to the nanop-
ore is obtained. We refer to the potential difference obtained
in the case I=0 as the nanopore potential, analogous to the
membrane potential found in membrane science.35
We have solved Eqs. 1–3 using the shooting
method.44 As initial values, we have employed the ionic
FIG. 2. Axial profiles of the fixed
charge concentration Xx through the
nanopore.
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fluxes given by the Goldman constant field GCF approxi-
mation, which considers a constant electric field through the
nanopore45–47 and allows linearizing the Nernst-Planck equa-
tions. This assumption leads to simple analytic solutions for
the fluxes of the different ionic species,
Ji 	 zi
DiD
d
ci0exp− ziD − cid
1 − exp− ziD
, i = K+,Cl−,
7
where the diffusion potential D=d−0 is obtained
from the total applied voltage,
V = RTL − R/F = − RTL + D + R/F , 8
for I0. In the case I=0, this potential is45,46
D = ln
DK+cK+0 + DCl−cCl−d
DK+cK+d + DCl−cCl−0
. 9
The GCF assumption provides useful analytical solutions of
the above transport equations for membranes and nanopores
with homogeneous fixed charge distributions. Previous cal-
culations not discussed here show that this assumption also
gives fairly good results for inhomogeneous distributions
when the charge profile varies smoothly.
The concentration distributions of Fig. 2 are assumed to
correspond to negative fixed charges and can conveniently be
written as
i Core distribution Fig. 2a
Xx = XM exp− x − d/22B2 , B2 
 d24 lnXM/Xm .
10
ii Skin distribution Fig. 2b
Xx = XM + Xm − XM exp− x − d/22B2  ,
11
B2 

d2
4 lnXM/Xm
.
iii Cluster distribution Figs. 2c and 2d
Xx = XM/2sin 2x2d/3n + XM/2 + Xm, XM  Xm,
12
where n=1 for wide clusters Fig. 2c and n=3 for narrow
clusters Fig. 2c.
iv Linear distribution Fig. 2e
Xx =
XM − Xm
d
x + XM . 13
v Hyperbolic distribution Fig. 2f
Xx =
XM
1 − 1 − XM/Xmx/d
. 14
In all cases, XM and Xm refer to the maximum and minimum
values of the fixed charge concentration, respectively.
III. RESULTS AND DISCUSSION
The model calculations presented here are intended to
emphasize the essential qualitative trends of the different
fixed charge distributions rather than to analyze quantita-
tively the transport properties of a particular nanopore. How-
ever, the theoretical results are validated by comparison with
recent experimental data relevant to each nanopore fixed
charge distribution.
We have considered the nanopore thickness d=10 m
and radius a=3 nm as typical values.9–11,33 Also, we have
employed the infinite dilution diffusion coefficients of the
ionic species DK+ =1.9510−5 cm2/s and DCl− =2.03
10−5 cm2/s. For the fixed charge concentration, we have
assumed XM =1M and Xm=0.04M in the core distribution of
Fig. 2a. The extreme values XM and Xm for the distributions
in Figs. 2b–2e have then been chosen to give the same
average concentration,
Xavg =
1
d0
d
Xxdx 	 0.5M , 15
keeping constant the minimum value Xm=0.04M in each
case. Fixing Xavg and Xm allows a better comparison between
FIG. 3. I-V curves for the symmetrical Fig. 3a and asymmetrical Fig. 3b fixed charge distributions of Fig. 2 with cL=cR=0.1M. The arrows in the insets
indicate the direction of the current with respect to XM and Xm. Dashed lines correspond to homogeneous charge distributions with the same average
concentrations 0.5M for the linear case, 0.132M for the hyperbolic case.
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the different inhomogeneous distributions. This procedure
gives XM =0.891M skin, Fig. 2b, 0.370M wide clusters,
Fig. 2c, 0.438M narrow clusters, Fig. 2d, and 0.937M
linear, Fig. 2e. In order to compare the linear Fig. 2e
and hyperbolic Fig. 2f distributions, we have assumed
XM =0.937M and Xm=0.04M in Fig. 2f, giving now Xavg
=0.132M. This allows a better comparison of the pore en-
trance effects, which are dominant for transport, as it will be
shown later.
The I-V curves for the symmetrical Fig. 3a and asym-
metrical Fig. 3b nanopore fixed charge distributions of
Fig. 2 clearly show that a spatial redistribution of a constant
amount of fixed charges leads to significantly different re-
sults. The currents in Fig. 3a follow the series skin
homogeneousclusters and core distributions because the
resistance at the nanopore entrance, which is determined by
the local mobile ion concentrations, dictates the value of the
current. However, this is not the only factor influencing the
current, since the particular alternate arrangement of high
and low resistance regions in Fig. 2 is also significant. Figure
3b shows that asymmetric fixed charge distributions lead to
rectifying, diodelike behaviors continuous curves. As in
Fig. 3a, the resistances at the nanopore entrances dictate the
electric current. Therefore, higher currents are obtained when
the ions enter the nanopore end with the higher charge see
the insets in Fig. 3b, which explains the rectifying effects.
The calculated currents are higher for the linear distribution
than for the hyperbolic distribution because of the higher
average fixed charge distribution of the linear case. The
dashed lines in Fig. 3b correspond to homogeneous charge
distributions with the same average concentrations as in
the linear case Xavg=0.5M and the hyperbolic case
Xavg=0.132M.
Figure 4 shows the nanopore potential Fig. 4a and the
counterion transport number Fig. 4b versus the logarithm
of the external concentration ratio for different fixed charge
distributions. This electric potential difference appears for I
=0 when the external electrolyte solutions are kept at differ-
ent concentrations. The transport number is a measure of the
nanopore selectivity to the counterion35 and can be written in
terms of the nanopore potential as
ti = 0.51 − zi FRT VMlncR/cL . 16
For negatively charged nanopores, t+0.5 t−, with t+ close
to unity in the limit of high fixed charge concentrations. In
Fig. 4, cL=0.1M while cR is changed from 10−2 to 3M. Two
regimes are clearly seen in Figs. 4a and 4b: at low elec-
trolyte concentrations with respect to the average fixed
charge concentration, the Nernstian35 linear behavior is ob-
tained; at high concentrations, however, significant differ-
ences appear among the charge distributions, mainly because
of the different interfacial Donnan potentials in each case
see Figs. 1a and 2. The values of these potential differ-
ences lead to the selectivity scale skin linear M −m
homogeneouscore distributions. The core distribution
shows a lower selectivity because of the relatively low fixed
charge concentrations at the nanopore ends and the concomi-
tant low Donnan potentials. On the contrary, the high charge
FIG. 5. Nanopore potential Fig. 5a
and counterion transport number Fig.
5b vs the logarithm of the external
concentration ratio cL=0.1M for the
two different orientations of the linear
fixed charge distribution shown in the
insets.
FIG. 4. Nanopore potential Fig. 4a
and counterion transport number Fig.
4b vs the logarithm of the external
concentration ratio for different fixed
charge distributions see Fig. 2 and
cL=0.1M.
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concentrations at the nanopore ends yield high selectivities
for the skin and linear distributions, with the homogeneous
nanopore showing intermediate results.
It is remarkable that asymmetry effects can also be no-
ticed in the nanopore potential. Figure 5 shows that the na-
nopore selectivity depends on the orientation of the linear
fixed charge distribution with respect to the concentration
difference imposed in the external solutions. Again, this ef-
fect arises from the different Donnan potentials see Fig.
1b in each case. The lower selectivity is obtained for the
m−M case because increasing cR decreases the value of the
higher Donnan potential R in Eq. 4b. On the contrary,
increasing cR does not change the higher Donnan potential
L in Eq. 4a for the M −m case. Therefore, not only the
asymmetry of the nanopore but also the asymmetry of the
external solutions dictates the observed selectivity. This is
not the case for the symmetrical nanopore where the selec-
tivity is dictated exclusively by the nanopore characteristics.
An extreme case of asymmetry is that of a bipolar nan-
opore Fig. 6a where negative and positive fixed charge
distributions are arranged in series. Bipolar junctions are rel-
evant in nanopores,48–50 membrane separation processes,30
and biological membranes.26 Relatively simple analytic ex-
pressions for the I-V curve and the nanopore potential are
available for the particular case of symmetric bipolar
junctions.30 Typical results are given in Figs. 6a–6c. The
forward and reverse bias regimes of Fig. 6a show high
rectification, with a clear limiting current for V	0, as ex-
perimentally confirmed.51 The curves of Figs. 6b and 6c
are parametric in the fixed charge concentrations of the nega-
tive and positive regions see the insets in Fig. 6a. The
nanopore potential of Fig. 6b is now dictated by the inter-
facial Donnan potential at the bipolar junction.31,52 The de-
crease of this potential at high electrolyte concentrations
FIG. 6. I-V curve Fig. 6a; cL=cR=0.1M, nanopore potential Fig. 6b;
cL=0.1M, and cation transport number Fig. 6c for a bipolar fixed charge
distribution formed by a negative region juxtaposed in series to a positive
region. The diffusion coefficients of the ionic species are assumed to be
DK+ =DCl−	210−5 cm2/s. All figures are obtained with XN
negative region=XP positive region for the fixed charge concentration
and dN=dP=5 m for the thickness. In Fig. 6a, XN=1M, while in Figs.
6b and 6c the curves are parametric in XN.
FIG. 7. Experimental I-V curves for the symmetric double-conical Fig.
7a; unpublished results, asymmetric conical Fig. 7b; Ref. 11, and cy-
lindrical Fig. 7c; Ref. 9 nanopores with thickness d=12 m. The curves
of Fig. 7a, which are parametric in pHL= pHR, are obtained with cL=cR
=1M KCl. The curves of Fig. 7b are parametric in the KCl concentration.
The curves of Fig. 7c are obtained with cL=cR=0.1M KCl, pHL=8, and
pHR=2. The insets show the nanopore radii and schematic fixed charge
distributions.
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yields to lower selectivities in this limit, as shown in Fig.
6c. This decrease becomes less significant as the fixed
charge concentrations at the bipolar junction becomes higher.
We compare now the above theoretical predictions with
recent experimental data, emphasizing those qualitative as-
pects characteristic of each particular fixed charge distribu-
tion. Figure 7 shows the experimental I-V curves for the
symmetric double-conical Fig. 7a, asymmetric conical
Fig. 7b, and cylindrical Fig. 7c nanopore geometries.
The double-conical nanopore should roughly correspond to
the core distribution of Fig. 2a. The curves of Fig. 7a
unpublished results were obtained with the experimental
setup described previously11 for the case of a double-conical
nanopore. These curves are parametric in the solution pH to
emphasize the effect of the nanopore fixed charges: the
weak-acid groups are protonated at low pH and then Xx
	0 and deprotonated at intermediate pH values. The I-V
curves show no rectification, as expected for a symmetrical
nanopore bathed by identical external solutions. However,
the I-V curve deviates from the linear behavior at intermedi-
ate pH values because of the axial inhomogeneity of the
fixed charge distribution, in agreement with the results cor-
responding to the core distribution of Fig. 3a see also the
experimental results of Ref. 53. The experimental data of
Fig. 7b were reported in a recent study.11 The curves are
parametric in the electrolyte concentration and show the ef-
fect of the mobile charges in the nanopore solution. Rectifi-
cation effects arise now because of the conical nanopore ge-
ometry resulting in an approximately hyperbolic fixed charge
distribution the linear distribution provides also the same
qualitative trends; see the respective curves in Fig. 3b. The
experimental data of Fig. 7c were taken from Ref. 9 and
clearly show that a pH difference pHL=8 and pHR=2 ex-
ternally imposed can force a symmetric cylindrical nanop-
ore to behave as an asymmetrical one because of the result-
ing fixed charge inhomogeneity9 see again Fig. 3b for
FIG. 8. Experimental nanopore poten-
tial Fig. 8a; unpublished results and
counterion transport number Fig.
8b; unpublished results of a conical
nanopore vs the logarithm of the exter-
nal concentration ratio and cL=0.1M
KCl and d=12 m. Two different ori-
entations of the asymmetric fixed
charge distribution are shown in the
insets.
FIG. 9. Experimental I-V curves Fig.
9a, Ref. 51, and Fig. 9b, Ref. 26,
membrane potentials Fig. 9c; Ref.
52, and cation transport numbers
Fig. 9d for different commercial
membranes Figs. 9a, 9c, and 9d
and the OmpF ion channel Fig. 9b.
In Fig. 9a, cL=cR=1M Na2SO4. In
Fig. 9b, cL=cR=0.1M KCl, with pHL
and pHR indicated in the insets. In
Figs. 9c and 9d, cL=1M KCl see
Refs. 26, 51, and 52 for details.
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comparison. Note that in this case the nanopore end at neu-
tral pH is negatively charged while the other end facing the
acidic solution remains neutral.
Figure 8 shows the experimental nanopore potential
Fig. 8a and the counterion transport number Fig. 8b of
a conical nanopore versus the logarithm of the external con-
centration ratio unpublished results. Two different orienta-
tions of the asymmetric fixed charge distribution with respect
to the external solutions are considered, as shown in the re-
spective insets. As theoretically predicted in Fig. 5 for the
case of the linear distribution, two regimes are clearly seen in
Figs. 8a and 8b. The Nernstian linear behavior results at
low electrolyte concentrations while orientation-dependent
selectivities are obtained at high concentrations. Note that
the selectivities of Fig. 8b are lower than those in Fig. 5b
because the nanopore is only weakly charged in our experi-
ments.
Figure 9 shows other experimental I-V curves26,51 Figs.
9a and 9b, membrane potentials52 Fig. 9c, and cation
transport numbers Fig. 9d. The results of Figs. 9a, 9c,
and 9d were obtained with several commercial bipolar
membranes while those of Fig. 9b correspond to the bio-
logical ion channel outer membrane porin F OmpF, one of
the general diffusion porins of E. coli; see Refs. 24 and 26.
In the latter case, the ion channel charge distribution changes
from symmetrical monopolar to asymmetrical bipolar
here because of an externally imposed pH difference see
the insets. Clearly, the qualitative features of Figs. 9a, 9c,
and 9d are well reproduced by the theoretical curves of
Figs. 6a–6c, respectively. Remarkably, the I-V curve of
the ion channel Fig. 9b resembles that of a bipolar junc-
tion when pHL=3 and pHR=12 see Fig. 6a because of the
protonated positively charged groups and deprotonated
negatively charged groups placed at the respective ends of
the nanopore in this case see Ref. 26 for details. As ex-
pected, this externally induced bipolar nature is virtually lost
when the bathing solutions are identical pHL=3= pHR.
IV. CONCLUSIONS
We have estimated theoretically the effects that spatially
inhomogeneous fixed charge distributions exert on the ionic
transport and selectivity properties of nanopores immersed in
electrolyte solutions. A complete survey of one-dimensional
distributions the skin, core, cluster, and asymmetric cases
exhibiting spatial variation over the macroscopic nanopore
length has been analyzed on the basis of the Nernst-Planck
equations. Current-voltage curves, membrane potentials, and
transport numbers have been calculated in an attempt to as-
certain whether an appropriate design of the spatial fixed
charge inhomogeneity could lead to an enhancement of the
transport and selectivity with respect to the homogeneous
nanopore case. To this end, the results have systematically
been compared with those obtained for the case of a homo-
geneous nanopore with the same average fixed charge con-
centration. Also, the model predictions have been contrasted
with relevant experimental data. Since nanopores with fixed
charges display properties that resemble those found in pro-
tein ion channels such as ionic selectivity and current recti-
fication, the results may also be relevant for biological mem-
branes.
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